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Abstract: We study cosmological dynamics in a five-dimensional Kaluza-Klein universe using modified 𝒇(𝑹, 𝑻) gravity. We 

choose a linear coupling between the Ricci scalar 𝑹 and the trace of the energy-momentum tensor 𝑻: 𝒇(𝑹,𝑻) = 𝝀(𝑹 + 𝑻), where 

𝝀 is negative. This form naturally yields a time-dependent cosmological constant influenced by the cosmic fluid. We apply a hybrid 

power-exponential volumetric expansion function, 𝑽(𝒕) = 𝒕𝒌 + 𝒆𝒍𝒕. For this scenario, we derive the complete field equations in the 

five-dimensional metric and calculate cosmological parameters: pressure, energy density, equation of state, deceleration parameter, 

and statefinder diagnostics. Our results demonstrate how modified gravity and an extra dimension influence expansion, shedding 

light on dark energy and higher-dimensional cosmology. 
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I. Introduction 

The discovery of cosmic acceleration from supernova observations [1,2], later confirmed by cosmic microwave background (CMB) 

data [3,4,5], has transformed our understanding of the universe’s evolution. This faster expansion, supported by large-scale structure 

surveys [7] and weak lensing studies [8], poses one of the greatest challenges in modern cosmology. 

The standard ΛCDM model, while phenomenologically successful in explaining most cosmological observations, faces 

fundamental theoretical challenges related to the cosmological constant problem and the mysterious nature of dark energy. The 

fine-tuning required for the cosmological constant and the coincidence problem has motivated extensive research into alternative 

explanations for cosmic acceleration. 

To address these caveats, researchers have explored modified gravity theories as promising alternatives to General Relativity (GR). 

Among these theories, 𝑓(𝑅) gravity [9,10] has been extensively studied, providing geometric explanations for cosmic acceleration 

through modifications of the Einstein-Hilbert action. However, 𝑓(𝑅) theories often require fine-tuning and may not fully capture 

the matter-geometry coupling effects that could be crucial for understanding cosmic evolution. 

The introduction of 𝑓(𝑅, 𝑇) gravity by Harko et al. [18] represents a significant advancement in modified gravity theories. This 

framework extends 𝑓(𝑅) gravity by introducing a coupling between the Ricci scalar 𝑅 and the trace of the energy-momentum tensor 

𝑇, providing additional degrees of freedom that can naturally explain cosmic acceleration while maintaining consistency with solar 

system tests. The 𝑓(𝑅, 𝑇) gravity theory has been extensively studied in various cosmological contexts [12, 13, 14, 15]. 

The theoretical foundations and applications of 𝑓(𝑅, 𝑇) gravity have been comprehensively reviewed [16], with numerous studies 

exploring its cosmological implications [17, 19, 20, 21, 22, 23]. An important aspect in assessing such extended theories is the role 

of energy conditions, which are crucial for determining the physical viability of cosmological models. The analysis of energy 

conditions in modified gravity theories has been extensively studied, providing important constraints on the parameter space of 

viable cosmological models. Against this backdrop, this paper investigates a comprehensive Kaluza-Klein cosmological model 

within the framework of 𝑓(𝑅, 𝑇) gravity, focusing on the evolution of scale factors, cosmological parameters, and energy conditions. 

We derive the field equations for a five-dimensional Kaluza-Klein metric and solve them for a specific form of the 𝑓(𝑅, 𝑇)function 

that incorporates matter-geometry coupling effects. 

The paper is organized as follows: Section 2 presents the field equations for 𝑓(𝑅, 𝑇) gravity. Section 3 introduces the five-

dimensional Kaluza-Klein metric and its geometric structure. Section 4 derives the cosmological solutions for the specific 𝑓(𝑅, 𝑇) 
gravity model, including the computation of scale factors, Hubble parameters, and physical parameters. Section 5 presents 

numerical results and discussions, accompanied by detailed plots of the parameters. Section 6 analyzes the energy conditions and 

their physical implications. The paper concludes with a summary of the key findings, followed by a list of references. 

Field Equations 

The action for 𝑓(𝑅, 𝑇) gravity takes the form: 

𝑆 =
1

16𝜋
∫ 𝑓(𝑅, 𝑇)√−𝑔𝑑4𝑥 + ∫ 𝐿𝑚√−𝑔𝑑

4𝑥    (1) 

Varying this action with respect to the metric tensor yields the field equations: 
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𝑓𝑅(𝑅, 𝑇)𝑅𝑖𝑗 −
1

2
𝑓(𝑅, 𝑇)𝑔𝑖𝑗 + (𝑔𝑖𝑗□− ∇𝑖∇𝑗)𝑓𝑅(𝑅, 𝑇) = 8𝜋𝑇𝑖𝑗 − 𝑓𝑇(𝑅, 𝑇)𝑇𝑖𝑗 − 𝑓𝑇(𝑅, 𝑇)𝜃𝑖𝑗 (2) 

For the specific choice 𝑓(𝑅, 𝑇) = 𝜆(𝑅 + 𝑇) with 𝜆 = −
8𝜋

8𝜋+1
, the field equations reduce to: 

𝑅𝑖𝑗 −
1

2
𝑅𝑔𝑖𝑗 = 𝛼𝑇𝑖𝑗 + Λ(𝑇)𝑔𝑖𝑗        (3) 

where 𝛼 =
8𝜋+𝜆

𝜆
 and Λ(𝑇) = 𝑝 +

1

2
𝑇. 

Kaluza-Klein Metric 

We consider a five-dimensional Kaluza-Klein metric: 

𝑑𝑠2 = 𝑑𝑡2 − 𝐴(𝑡)2(𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2) − 𝐵(𝑡)2𝑑𝜓2     (4) 

where the fifth coordinate 𝜓 is space-like. The spatial volume is 𝑉 = 𝐴3𝐵 = 𝑎4 where 𝑎 is the mean scale factor. 

The field equations for this metric become: 

2
𝐴″

𝐴
+ (

𝐴′

𝐴
)
2

+ 2
𝐴′𝐵′

𝐴𝐵
+
𝐵″

𝐵
= 𝛼𝑝 − Λ

3
𝐴″

𝐴
+ 3(

𝐴′

𝐴
)
2

= 𝛼𝑝 − Λ

3(
𝐴′

𝐴
)
2

+ 3
𝐴′𝐵′

𝐴𝐵
= −𝛼𝜌 − Λ

       (5)   

  

𝒇(𝑹,𝑻) Gravity Solutions 

For the specific choice 𝑓(𝑅, 𝑇) = 𝜆(𝑅 + 𝑇) with 𝜆 = −
8𝜋

8𝜋+1
, the modified field equations provide unique solutions for the 

cosmological parameters. 

4.1 Effective Field Equations 

The effective field equations in 𝑓(𝑅, 𝑇) gravity take the form 

𝑅𝑖𝑗 −
1

2
𝑅𝑔𝑖𝑗 = 𝛼𝑇𝑖𝑗 + Λ(𝑇)𝑔𝑖𝑗        (6) 

where 𝛼 =
8𝜋+𝜆

𝜆
. Substituting 𝜆 = −

8𝜋

8𝜋+1
, we obtain 𝛼 = −8𝜋  and Λ(𝑇) = 𝑝 +

1

2
𝑇. 

Modified Coupling Parameter 

The coupling parameter 𝛼 in 𝑓(𝑅, 𝑇) gravity differs from standard General Relativity: 

𝛼 = −8𝜋 ≈ −25.13 

This negative coupling parameter indicates repulsive gravitational effects, which are crucial for explaining cosmic acceleration. 

Effective Cosmological Constant 

The effective cosmological constant Λ(𝑇) is dynamically generated: 

Λ(𝑇) = 𝑝 +
1

2
𝑇 = 𝑝 +

1

2
(𝜌 − 3𝑝) =

1

2
(𝜌 − 𝑝)      (7) 

This provides a natural mechanism for time-dependent dark energy. 

Volume Function  

We consider a hybrid power-exponential volumetric expansion function of the form: 

𝑉(𝑡) = 𝑡𝑘 + 𝑒𝑙𝑡           (8) 

where the first term represents power-law expansion and the second term represents exponential growth. This hybrid form allows 

for a transition from power-law-dominated to exponential-dominated expansion phases. 

Scale Factors 

From the volume constraint 𝑉(𝑡) = 𝐴(𝑡)3𝐵(𝑡) and the integration constants, the scale factors for our hybrid power-exponential 

volumetric expansion function 𝑉(𝑡) = 𝑡𝑘 + 𝑒𝑙𝑡  with 𝑐1 = 0.5 and 𝑐2 = 1 are: 

𝐴(𝑡) = 𝑐2
1/4(𝑡𝑘 + 𝑒𝑙𝑡)1/4exp [

𝑐1

4(𝑡𝑘+𝑒𝑙𝑡)
]       (9) 
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𝐵(𝑡) = 𝑐2
−3/4(𝑡𝑘 + 𝑒𝑙𝑡)1/4exp [

−3×𝑐1

4(𝑡𝑘+𝑒𝑙𝑡)
]      (10) 

Hubble Parameters 

The mean Hubble parameter is: 

𝐻(𝑡) =
𝑉′(𝑡)

4𝑉(𝑡)
=

𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡

4𝑡𝑘+4𝑒𝑙𝑡
         (11) 

The directional Hubble parameters for the hybrid power-exponential expansion function 𝑉(𝑡) = 𝑡𝑘 + 𝑒𝑙𝑡  are: 

𝐻𝑥(𝑡) = 𝐻𝑦(𝑡) = 𝐻𝑧(𝑡) = 𝐻(𝑡) +
0.5

4(𝑡𝑘 + 𝑒𝑙𝑡)
=

𝑘𝑡𝑘

𝑡 + 𝑙𝑒𝑙𝑡

4𝑡𝑘 + 4𝑒𝑙𝑡
+

0.5

4(𝑡𝑘 + 𝑒𝑙𝑡)
 

𝐻𝜓(𝑡) = 𝐻(𝑡) −
3 × 0.5

4(𝑡𝑘 + 𝑒𝑙𝑡)
=

𝑘𝑡𝑘

𝑡
+ 𝑙𝑒𝑙𝑡

4𝑡𝑘 + 4𝑒𝑙𝑡
−

0.5

4(𝑡𝑘 + 𝑒𝑙𝑡)
 

Physical Parameters 

𝑝(𝑡) = −

3

(

 
 
−8𝜋

(

 
 
𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+𝑙2𝑒𝑙𝑡

𝑡𝑘+𝑒𝑙𝑡
−
(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

2

(𝑡𝑘+𝑒𝑙𝑡)
2

)

 
 
+
0.25−2.0𝜋

(𝑡𝑘+𝑒𝑙𝑡)
2

)

 
 

32𝜋(3−16𝜋)
     (12) 

𝜌(𝑡) = −

3

(

 
 
8𝜋

(

 
 
𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+𝑙2𝑒𝑙𝑡

𝑡𝑘+𝑒𝑙𝑡
−
(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

2

(𝑡𝑘+𝑒𝑙𝑡)
2

)

 
 
+
0.5−2.0𝜋

(𝑡𝑘+𝑒𝑙𝑡)
2

)

 
 

32𝜋(3−16𝜋)
     (13) 

Λ(𝑡) = −

3

(

 
 
𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+𝑙2𝑒𝑙𝑡

𝑡𝑘+𝑒𝑙𝑡
−
3(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

2

(𝑡𝑘+𝑒𝑙𝑡)
2 +

0.25

(𝑡𝑘+𝑒𝑙𝑡)
2

)

 
 

24−128𝜋
      (14) 

4.3.5 Cosmological Parameters 

𝜔(𝑡) =
𝑝(𝑡)

𝜌(𝑡)
=

−8𝜋

(

 
 
𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+𝑙2𝑒𝑙𝑡

𝑡𝑘+𝑒𝑙𝑡
−
(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

2

(𝑡𝑘+𝑒𝑙𝑡)
2

)

 
 
+
0.25−2.0𝜋

(𝑡𝑘+𝑒𝑙𝑡)
2

8𝜋

(

 
 
𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+𝑙2𝑒𝑙𝑡

𝑡𝑘+𝑒𝑙𝑡
−
(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

2

(𝑡𝑘+𝑒𝑙𝑡)
2

)

 
 
+
0.5−2.0𝜋

(𝑡𝑘+𝑒𝑙𝑡)
2

     (15) 

𝑞(𝑡) = −1 −
𝐻′(𝑡)

𝐻(𝑡)2

= −

(4𝑡𝑘+4𝑒𝑙𝑡)
2
(

𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+𝑙2𝑒𝑙𝑡

4𝑡𝑘+4𝑒𝑙𝑡

(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

2

 +
(−

4𝑘𝑡𝑘

𝑡
−4𝑙𝑒𝑙𝑡)(

𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

(4𝑡𝑘+4𝑒𝑙𝑡)
2 )− 1

       (16) 
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𝑟(𝑡) = 1 + 3
𝐻′(𝑡)

𝐻(𝑡)2
+
𝐻″(𝑡)

𝐻(𝑡)3
=

(4𝑡𝑘+4𝑒𝑙𝑡)
3
(

𝑘3𝑡𝑘

𝑡3
−
3𝑘2𝑡𝑘

𝑡3
+
2𝑘𝑡𝑘

𝑡3
+𝑙3𝑒𝑙𝑡

4𝑡𝑘+4𝑒𝑙𝑡

(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

3

+
2(−

4𝑘𝑡𝑘

𝑡
−4𝑙𝑒𝑙𝑡)(

𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+𝑙2𝑒𝑙𝑡)

(4𝑡𝑘+4𝑒𝑙𝑡)
2 +

(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)(−

4𝑘2𝑡𝑘

𝑡2
+
4𝑘𝑡𝑘

𝑡2
−4𝑙2𝑒𝑙𝑡)

(4𝑡𝑘+4𝑒𝑙𝑡)
2

+
(−

8𝑘𝑡𝑘

𝑡
−8𝑙𝑒𝑙𝑡)(−

4𝑘𝑡𝑘

𝑡
−4𝑙𝑒𝑙𝑡)(

𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

(4𝑡𝑘+4𝑒𝑙𝑡)
3 )

+

(4𝑡𝑘+4𝑒𝑙𝑡)
2
(
3(
𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+𝑙2𝑒𝑙𝑡)

4𝑡𝑘+4𝑒𝑙𝑡

(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

2

+
3(−

4𝑘𝑡𝑘

𝑡
−4𝑙𝑒𝑙𝑡)(

𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

(4𝑡𝑘+4𝑒𝑙𝑡)
2 )+ 1

    (17) 

𝑠(𝑡) =
𝑟(𝑡)−1

3(𝑞(𝑡)+
1

2
)
=

1

(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

3 [
(4𝑡𝑘+4𝑒𝑙𝑡)

3

4𝑡𝑘+4𝑒𝑙𝑡
(
𝑘3𝑡𝑘

𝑡3
−
3𝑘2𝑡𝑘

𝑡3
+
2𝑘𝑡𝑘

𝑡3
+ 𝑙3𝑒𝑙𝑡)

+
2(−

4𝑘𝑡𝑘

𝑡
−4𝑙𝑒𝑙𝑡)(

𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+𝑙2𝑒𝑙𝑡)

(4𝑡𝑘+4𝑒𝑙𝑡)
2

+
(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)(−

4𝑘2𝑡𝑘

𝑡2
+
4𝑘𝑡𝑘

𝑡2
−4𝑙2𝑒𝑙𝑡)

(4𝑡𝑘+4𝑒𝑙𝑡)
2

+
(−

8𝑘𝑡𝑘

𝑡
−8𝑙𝑒𝑙𝑡)(−

4𝑘𝑡𝑘

𝑡
−4𝑙𝑒𝑙𝑡)(

𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

(4𝑡𝑘+4𝑒𝑙𝑡)
3 ]

+
1

(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

2 [
3(4𝑡𝑘+4𝑒𝑙𝑡)

2

4𝑡𝑘+4𝑒𝑙𝑡
(
𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+ 𝑙2𝑒𝑙𝑡)

+
3(−

4𝑘𝑡𝑘

𝑡
−4𝑙𝑒𝑙𝑡)(

𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

(4𝑡𝑘+4𝑒𝑙𝑡)
2 ]

/ [−
3(4𝑡𝑘+4𝑒𝑙𝑡)

2

4𝑡𝑘+4𝑒𝑙𝑡
(
𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+ 𝑙2𝑒𝑙𝑡)

+
(−

4𝑘𝑡𝑘

𝑡
−4𝑙𝑒𝑙𝑡)(

𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

(4𝑡𝑘+4𝑒𝑙𝑡)
2 − 1.5]

      (18) 

𝑓(𝑅, 𝑇) Solutions  

For our hybrid power-exponential volumetric expansion function 𝑉(𝑡) = 𝑡𝑘 + 𝑒𝑙𝑡 , the 𝑓(𝑅, 𝑇) solutions are: 

Ricci Scalar 

The Ricci scalar 𝑅 for the Kaluza-Klein metric is: 

𝑅 = 6 [
𝐴″

𝐴
+ (

𝐴′

𝐴
)
2

+
𝐴′𝐵′

𝐴𝐵
] +

𝐵″

𝐵
         (19) 

For our hybrid power-exponential volumetric expansion function 𝑉(𝑡) = 𝑡𝑘 + 𝑒𝑙𝑡  with 𝑐1 = 0.5 and 𝑐2 = 1, the Ricci scalar 

evaluates to: 
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𝑅(𝑡) =

6.0

(

 
 1.0(

0.25𝑘𝑡𝑘

𝑡
+0.25𝑙𝑒𝑙𝑡)𝑒

−
1.5

4𝑡𝑘+4𝑒𝑙𝑡

(𝑡𝑘+𝑒𝑙𝑡)
0.75 −

1.5(𝑡𝑘+𝑒𝑙𝑡)
0.25

(−
4𝑘𝑡𝑘

𝑡
−4𝑙𝑒𝑙𝑡)𝑒

−
1.5

4𝑡𝑘+4𝑒𝑙𝑡

(4𝑡𝑘+4𝑒𝑙𝑡)
2

)

 
 

(𝑡𝑘+𝑒𝑙𝑡)
0.5

×(
1.0(

0.25𝑘𝑡𝑘

𝑡
+0.25𝑙𝑒𝑙𝑡)𝑒

0.5

4𝑡𝑘+4𝑒𝑙𝑡

(𝑡𝑘+𝑒𝑙𝑡)
0.75 +

0.5(𝑡𝑘+𝑒𝑙𝑡)
0.25

(−
4𝑘𝑡𝑘

𝑡
−4𝑙𝑒𝑙𝑡)𝑒

0.5

4𝑡𝑘+4𝑒𝑙𝑡

(4𝑡𝑘+4𝑒𝑙𝑡)
2 )𝑒

1.0

4𝑡𝑘+4𝑒𝑙𝑡

+

6.0

(

 
 1.0(

0.25𝑘𝑡𝑘

𝑡
+0.25𝑙𝑒𝑙𝑡)𝑒

0.5

4𝑡𝑘+4𝑒𝑙𝑡

(𝑡𝑘+𝑒𝑙𝑡)
0.75 +

0.5(𝑡𝑘+𝑒𝑙𝑡)
0.25

(−
4𝑘𝑡𝑘

𝑡
−4𝑙𝑒𝑙𝑡)𝑒

0.5

4𝑡𝑘+4𝑒𝑙𝑡

(4𝑡𝑘+4𝑒𝑙𝑡)
2

)

 
 

2

𝑒
−

1.0

4𝑡𝑘+4𝑒𝑙𝑡

(𝑡𝑘+𝑒𝑙𝑡)
0.5

+(additional terms involving scale factor derivatives)

   (20) 

Trace of Energy-Momentum Tensor 

The trace 𝑇 = 𝜌 − 3𝑝 is: 

𝑇 = 𝜌 − 3𝑝 =
3

4𝛼(2𝛼+3)
[(𝛼 + 2 − 3(𝛼 + 1))

𝑐1
2

𝑉2
− 𝛼(1 + 3) (

𝑉″

𝑉
− (

𝑉′

𝑉
)
2

)]   (21) 

For our hybrid power-exponential volumetric expansion function 𝑉(𝑡) = 𝑡𝑘 + 𝑒𝑙𝑡  with 𝛼 = −8𝜋, the trace evaluates to: 

𝑇(𝑡) =
9

32𝜋(3−16𝜋)
[−8𝜋(

𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+𝑙2𝑒𝑙𝑡

𝑡𝑘+𝑒𝑙𝑡

 −
(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

2

(𝑡𝑘+𝑒𝑙𝑡)
2 )+

0.25−2.0𝜋

(𝑡𝑘+𝑒𝑙𝑡)
2]

 −
3

32𝜋(3−16𝜋)
[8𝜋(

𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+𝑙2𝑒𝑙𝑡

𝑡𝑘+𝑒𝑙𝑡

 −
(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

2

(𝑡𝑘+𝑒𝑙𝑡)
2 )+

0.5−2.0𝜋

(𝑡𝑘+𝑒𝑙𝑡)
2]

        (22) 

𝑓(𝑅, 𝑇) Function 

For our choice 𝑓(𝑅, 𝑇) = 𝜆(𝑅 + 𝑇) with 𝜆 = −
8𝜋

8𝜋+1
: 

𝑓(𝑅, 𝑇) = 𝜆 [𝑅 +
3

4𝛼(2𝛼+3)
[(−2𝛼 − 1)

𝑐1
2

𝑉2
− 4𝛼 (

𝑉″

𝑉
− (

𝑉′

𝑉
)
2

)]]     (23) 

For our hybrid power-exponential volumetric expansion function 𝑉(𝑡) = 𝑡𝑘 + 𝑒𝑙𝑡 , the 𝑓(𝑅, 𝑇) function evaluates to: 

𝑓(𝑅, 𝑇)(𝑡) = −
8𝜋

1+8𝜋
[𝑅(𝑡) + 𝑇(𝑡)]

= −
8𝜋

1+8𝜋
[𝑅(𝑡) +

9

32𝜋(3−16𝜋)
(−8𝜋(

𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+𝑙2𝑒𝑙𝑡

𝑡𝑘+𝑒𝑙𝑡

−
(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

2

(𝑡𝑘+𝑒𝑙𝑡)
2 )+

0.25−2.0𝜋

(𝑡𝑘+𝑒𝑙𝑡)
2)

−
3

32𝜋(3−16𝜋)
(8𝜋(

𝑘2𝑡𝑘

𝑡2
−
𝑘𝑡𝑘

𝑡2
+𝑙2𝑒𝑙𝑡

𝑡𝑘+𝑒𝑙𝑡

−
(
𝑘𝑡𝑘

𝑡
+𝑙𝑒𝑙𝑡)

2

(𝑡𝑘+𝑒𝑙𝑡)
2 )+

0.5−2.0𝜋

(𝑡𝑘+𝑒𝑙𝑡)
2)]

      (24) 
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II. Results and Analysis 

The comprehensive analysis of the hybrid power-exponential volumetric expansion function 𝑉(𝑡) = 𝑡𝑘 + 𝑒𝑙𝑡 reveals the behavior 

of all cosmological parameters over time through detailed individual plots. 

5.1 Volume and Scale Factors Evolution 

  

 

(a) Volume and scale factors evolution 

  

 

 

(b) Hubble parameter evolution 

Figure 1. (a) Evolution 𝑉(𝑡) and 𝐴(𝑡) and 𝐵(𝑡) vs. time. (b) Mean Hubble parameter 𝐻(𝑡) vs. time. 

Figure 1a shows the temporal evolution of the hybrid power-exponential volumetric expansion function and the corresponding scale 

factors. The volume function 𝑉(𝑡) = 𝑡𝑘 + 𝑒𝑙𝑡  combines power-law and exponential growth behaviors, while the scale factors 𝐴(𝑡) 
and 𝐵(𝑡) evolve according to the Kaluza-Klein constraint 𝑉 = 𝐴3𝐵. Figure  1b displays the evolution of the mean Hubble 

parameter, which characterizes the expansion rate of the universe. 

Physical Parameters Evolution 

  

 

(a) Pressure evolution 

  

 

(b) Energy density evolution 

Figure 2 (a) Pressure evolution 𝑝(𝑡) vs. time. (b) Energy density evolution 𝜌(𝑡) vs. time. 

 

 

Figure 3. Cosmological constant evolution 𝛬(𝑡) vs. time. 

Figures 2a, 2b, and 3 show the evolution of the fundamental physical parameters in the 𝑓(𝑅, 𝑇) gravity framework. These 

parameters are essential for understanding the cosmic dynamics and energy condition analysis. 

  

 

(a) Ricci scalar evolution 

  

 

(b) Trace of energy-momentum tensor 

Figure 4 (a) Ricci scalar 𝑅(𝑡) vs. time. (b) Trace of energy-momentum tensor 𝑇(𝑡) vs. time. 
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Figure 5. 𝑓(𝑅, 𝑇)  vs. time. 

Figures 4a, 4b, and 5 show the evolution of the Ricci scalar, trace of energy-momentum tensor, and 𝑓(𝑅, 𝑇) function. These 

parameters are fundamental to understanding the dynamics of modified gravity and the coupling between geometry and matter. 

Cosmological Diagnostics 

  

 

(a) Equation of state parameter 

  

 

(b) Deceleration parameter 

Figure 6. (a) Equation of state parameter 𝜔(𝑡) vs. time. (b) Deceleration parameter 𝑞(𝑡) vs. time. 

Figures 6a and 6b provide crucial cosmological diagnostics. The equation of state parameter indicates the nature of the cosmic fluid, 

while the deceleration parameter reveals whether the universe is accelerating or decelerating. 

Statefinder Analysis 

  

 

(a) Statefinder parameter 𝑟(𝑡) 

  

 

(b) Statefinder parameter 𝑠(𝑡) 

Figure 7. (a) Statefinder parameter 𝑟(𝑡) vs. time. (b) Statefinder parameter 𝑠(𝑡) vs. time. 

 

 

Figure 8. Combined evolution 𝑞(𝑡),  𝑟(𝑡) and 𝑠(𝑡) vs. time. 

Figures 7a, 7b, and 8 present the statefinder analysis, which provides higher-order cosmological diagnostics beyond the standard 

deceleration parameter. These parameters help distinguish between different models of dark energy. 

Physical Interpretation of Results 

The hybrid power-exponential volumetric expansion function 𝑉(𝑡) = 𝑡𝑘 + 𝑒𝑙𝑡  demonstrates several key features: 

 Realistic Expansion: The polynomial growth provides a physically reasonable cosmic expansion scenario. 

 Anisotropic Evolution: The extra dimension evolves differently from ordinary spatial dimensions due to the anisotropy 

parameter 𝑐1 = 0.5. 
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 Modified Gravity Effects: The 𝑓(𝑅, 𝑇) gravity framework introduces additional degrees of freedom through the 

coupling parameter 𝛼 = −8𝜋 ≈ −25.13. 

Energy Conditions Analysis 

Energy conditions provide important constraints on the physical viability of cosmological models. We analyze the energy 

conditions for our hybrid power-exponential volumetric expansion function 𝑉(𝑡) = 𝑡𝑘 + 𝑒𝑙𝑡 . 

 Weak Energy Condition 𝜌 ≥ 0 and 𝜌 + 𝑝 ≥ 0 

 Strong Energy Condition 𝜌 + 3𝑝 ≥ 0 

 Dominant Energy Condition 𝜌 ≥ |𝑝| 

 Null Energy Condition 𝜌 + 𝑝 ≥ 0 

All the energy conditions are violated in this model universe. 

III. Conclusion 

The hybrid power-exponential volumetric expansion function, defined as 𝑉(𝑡) = 𝑡𝑘 + 𝑒𝑙𝑡  within the five-dimensional Kaluza-

Klein 𝑓(𝑅, 𝑇) (where 𝑓(𝑅, 𝑇) denotes a function of the Ricci scalar 𝑅 and the trace 𝑇 of the energy-momentum tensor) Gravity 

establishes a mathematically consistent approach to modeling cosmic expansion. Specifically, this expansion function combines 

power-law and exponential growth terms, with the exponential component eventually dominating at late times, characterized by a 

constant Hubble parameter, thereby illustrating the adaptability of 𝑓(𝑅, 𝑇) gravity to various expansion regimes. The hybrid 

expansion scenario achieves perfect acceleration, indicated by a deceleration parameter  𝑞 →  −1 a 𝑡 → ∞, which is significant for 

the theoretical understanding of cosmic evolution. Furthermore, violation of the strong energy condition (SEC), weak energy 

condition (WEC), or null energy condition (NEC) (where SEC, WEC, and NEC refer to the strong, weak, and null energy conditions, 

respectively) suggests the presence of highly exotic forms of matter or energy with accelerated expansion. Also 𝜔 < 0,  driving the 

universe toward an accelerated, dark energy-dominated future, which aligns with observational data [25-27]. The model integrates 

modified gravity effects through the 𝑓(𝑅, 𝑇) formalism and preserves the geometric structure inherent to Kaluza-Klein theory. The 

principal findings of this analysis are as follows. Physical parameters evolve in accordance with the chosen expansion scenario. 

The extra spatial dimension displays anisotropic evolution, and the inclusion of modified gravity effects introduces further degrees 

of freedom to the model. 

References 

1. A. G. Riess et al., Astron. J. 116, 1009 (1998). 

2. A. G. Riess et al., Astron. J. 607, 665 (2004). 

3. D. N. Spergel et al., Astrophys. J. Suppl. Ser. 148, 175 (2003). 

4. D. N. Spergel et al., Astrophys. J. Suppl. Ser. 170, 3771 (2007). 

5. M. Tegmark et al., Astrophys. J. 606, 702 (2004). 

6. B. Jain and A. Taylor, Phys. Rev. Lett. 91, 141302 (2003). 

7. S. M. Carroll, V. Duvvuri, M. Trodden and M. S. Turner, Phys. Rev. D 70, 043528 (2004). 

8. T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451 (2010). 

9. S. Nojiri and S. D. Odintsov, Phys. Rep. 505, 59 (2011). 
10. O. Bertolami, C. G. Böhmer, T. Harko and F. S. N. Lobo, Phys. Rev. D 75, 104016 (2007). 

11. T. Clifton, P. G. Ferreira, A. Padilla, and C. Skordis, Phys. Rep. 513, 1 (2012). 

12. M. F. Shamir, Astrophys. Space Sci. 330, 183 (2010). 

13. T. Harko, F. S. N. Lobo, S. Nojiri and S. D. Odintsov, Phys. Rev. D 84, 024020 (2011). 

14. K. S. Adhav, Astrophys. Space Sci. 339, 365 (2012). 

15. D. R. K. Reddy, R. Santikumar and R. L. Naidu, Astrophys. Space Sci. 342, 249 (2012). 

16. D. R. K. Reddy, R. Santikumar and T. V. P. Kumar, Int. J. Theor. Phys. 52, 239 (2013). 

17. R. Chaubey and A. K. Shukla, Astrophys. Space Sci. 343, 415 (2013). 

18. P. K. Sahoo, B. Mishra and G. C. Reddy, Eur. Phys. J. Plus 129, 49 (2014). 

19. A. K. Yadav, Eur. Phys. J. Plus 129, 194 (2014). 

20. M. Sharif and M. Zubair, J. Cosmol. Astropart. Phys. 03, 028 (2012). 

21. R. Myrzakulov, Eur. Phys. J. C 72, 2203 (2012). 
22. S. K. J. Pacif, Eur. Phys. J. Plus 135, 792 (2020). 

23. R. K. Tiwari, D. Sofuoğlu and S. K. Mishra, New Astron. 83, 101476 (2021). 

24. A. Bouali, B. K. Shukla, H. Chaudhary, R. K. Tiwari, M. Samar, and G. Mustafa, Int. J. Geom. Methods Mod. Phys. 20, 

2350152 (2023). 

25.  C. L. Bennett, D. Larson, J. L. Weiland et al. The Astrophysical Journal Supplement Series, 208(2),. (2013) Article 20. 

https://doi.org/10.1088/0067-0049/208/2/20 

https://doi.org/10.1088/0067-0049/208/2/20


INTERNATIONAL JOURNAL OF LATEST TECHNOLOGY IN ENGINEERING,  

MANAGEMENT & APPLIED SCIENCE (IJLTEMAS) 

ISSN 2278-2540 | DOI: 10.51583/IJLTEMAS | Volume XIV, Issue X, October 2025 

www.ijltemas.in                                                                                                                                                Page  770 
 

26. N. Aghanim, Y. Akrami, et al. Astronomy & Astrophysics, 641 (2020), Article A6. https://doi.org/10.1051/0004-

6361/201833910 

27. D. Brout, D. Scolnic, B. Popovic, et al. The Astrophysical Journal, 938(2) (2022). , Article 110. 

https://doi.org/10.3847/1538-4357/ac8b7a 

 

 

https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.3847/1538-4357/ac8b7a

	I. Introduction
	Field Equations
	Kaluza-Klein Metric
	𝒇(𝑹,𝑻) Gravity Solutions
	4.1 Effective Field Equations
	Modified Coupling Parameter
	Effective Cosmological Constant
	Volume Function
	Scale Factors
	Hubble Parameters
	Physical Parameters
	4.3.5 Cosmological Parameters

	𝑓(𝑅,𝑇) Solutions
	Ricci Scalar
	Trace of Energy-Momentum Tensor
	𝑓(𝑅,𝑇) Function


	II. Results and Analysis
	5.1 Volume and Scale Factors Evolution
	Physical Parameters Evolution
	Cosmological Diagnostics
	Statefinder Analysis
	Physical Interpretation of Results

	Energy Conditions Analysis
	III. Conclusion

	References

