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ABSTRACT

The objective of this paper is to study a special case of connectedness in bitopological spaces by considering
7,7, A open sets and examining their relationships with t, t, (1 lconnected space and 7, 7, pre-connected space.
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INTRODUCTION

The study of bitopological spaces was initiated by Kelly, J.C [5] . A triple ( X, 4, T, ) [is called bitopological
space if (X ,7; ) and ( X, 1, ) [Jare two topological spaces . In 1997, Kumar Sampath S [6] introduced the
concept of 7,7, - [J[1-open sets in bitopological spaces. In 1981, Bose S [1] introduced the notion of 7,7, - semi
- open sets in bitopological spaces . In 1992, Kar A [4] have introduced the notion of 7,7, - pre- open sets in
bitopological spaces . In 2012 , H . | Al-Rubaye Qaye [2] introduced the notion of 7,7, - semi -[][J-open sets
in bitopological spaces . In this paper, we study a special case of 8 connectedness in bitopological spaces, and
we prove several results by comparing them with similar cases in topological spaces.

Preliminaries

Throughout the paper, spaces always mean a bitopological spaces , the closure and the interior of any subset A
of X with respect to ;[], will be denoted by t;clJALI, and t;intCJAL respectively, for

i 01,2

Definition 2.1 :

Let (X, 74, T, ) [Ibe a bitopological space , ALJ[JX, Ais said to be :

(i) T,t, pre-open set [4] if AL zyint(z,Cl(A)).

(ii) TyT4p closed set [1] if T, ficl(A)1JU , whenever ACIJU, U is 8 open in ;.
(iii) T, T, 0open set [6] if AL T4 int(T,cl(z,int(A))).

Remark 2.2 :

The family of 7, 7,pre-open ( resp. t, 7,/ open ) sets of X is denoted by

7,7, PO(X) (resp. 7,7, ABO(X)).

Example 2.3 :

Let X {a, b, ¢, d}, 0- ODOOX, OD00a}{b}.{a b},{a, b, c}},and O0000X,000a}{c}.{ac}{ab,c}is
a bitopological space . The family of all 7,7,/ open sets of X is : 7,7, ABO(X) = {@, {a}, {b}, {c}, {a, b}, {a,
c}, {a,d}, {b, c}, {c, d}, {a b, c}, {a b, d}, {a, c, d}, {b, c, d}, X}.
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Remark 2.4 :

It is clear by definition that in any bitopological space the following hold :

(1) Every 7, open set is 7,7, i open, T,T,Semi -open, t,7,[][Jopen set .

(i) Every T, T, [J[1-0pen set is T, T,pre-open , 7, T,Semi open set .

(iii) The concept of 7,7, pre-open and 7, t,Semi open sets are independent .

Proposition 2.5 :

A subset A of a bitopological space (X, 74, 7,)Jis 7,7, [J[Jopen set if and only if there exists
an 7, open setJU , such that U DA [ zyint(z,cl(V)) .

Proof :

This follows directly from the definition (2.1) (iii).

Proposition 2.6 : [7]

A subset A of a bitopological space (X, 74, 7,)Jis T, T,5emi open set if and only if there
exists an 7;0pen set [JU, such that U [JJA [z,cl(U).

Proposition 2.7 : [3]

A subset A of a bitopological space (X, t,, 7,)Jis T, T,pre open set if and only if there exists
an t, open set (JU , such that ACJU [ 07,cl(A).

Theorem 2.8 :

A subset A of a bitopological space (X, t,, T,)[lis an t,7, [1Jopen set if and only if A is 7,7,5emi open set and
T,T, pre open set .

Proof :

Follows from definition (2.1) and remark (2.5) .

Definition 2.9 : [4,6]

Let (X, 4, T,)Jbe a bitopological space and AL [JX ,the intersection of all 7,7, closed

(resp . T, T,pre closed ) sets containing A is called 7,7, 1 closure (resp . T, T,pre closure )of A, and is denoted
by 7,7, 0cl(A) (resp . 7,7, pcl(A) ) ;

e 7,7, 0cl(A) DOO{B OOX : Bis t,7, 00 closed set , ALJ[1X} and
7,7,pcl(A) OO 0O{B UUX : Bis t,T,pre closed set , ALJLX} .

Remark 2.10 : [2]

(1) Every T, open set [is 7, 7,4 [1-0pen set, but the converse need not be true.

(i) If every 7, open set [lis t, [Jclosed [Jand every nowhere t, [Jdense set [1is t, [Jclosed [Jin any
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bitopological space , then every 7,7,/ open set is an 7; open set.
Remark 2.11 : [2]
(i) Every 7 T, [ lopen set is 7,7,/ open set, but the converse is not true in general .

(i) If every [1t, open set [is 7, [Iclosed [Iset in any bitopological space, then every t,7,/if open set is an
7,7, [1Jopen set .

Remark 2.12 : [2]

The concepts of t,7,/i-0pen and 7,7, pre open sets are independent , as the following
example.

Example 2.13:

In example (2.3) , {b,c}is a T, 7,- pre-open set but not 7,7, - semi -[][1-open set .

Remark 2.14 : [2]

() It is clear that every 7,7, semi open and 7,7, pre open subsets of any bitopological space is
T, T, [15 open set

(i) An t,T,/if open set in any bitopological space (X, 74, T,)[Jis T, T, pre open set if every t, open subset []of
X'is T, Lclosed [Cset ( from remark (2.17) (ii) and remark (2.5) (iii) ) .

Definition 2.15 : [2]

The complement of 7,7,/ open set is called 7,7,/ closed set. Then family of all 7,7,f closed sets of X
is denoted by 7,7,48C (X).

Definition 2.16 : [2]

Let (X, 74, T,)[Jbe a bitopological space and ALJ[1X ,the intersection of all 7;7,/f closed sets containing A is
called 7,7,4p closure of A, and is denoted by 7;7,4Bcl(A);

e 7,7, ABcl(A) DOO{B UUIX: Bis t,7,0p closed set , ALI[1X}.
Remark 2.17 : [2]
The following diagram shows the relations among the different types of weakly open sets

that were studied in this section:

T,T. pre open

T,7T. semi open

T, open T1 Tz oper

Every T, opern sef is T, closed I
- 1 o * Vit o408 open
1 -
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71T, 4B Connectedness in Bitopological Spaces :

In this section the notion of 7,7, /18 connected space is introduced in bitopological spaces and their relationships
with t, 7, [J[] connected space and 7,7, pre connected space are studied.

Definition 3.1 :

Let (X, 74, T,) [ [Jbe a bitopological space , two non-empty subsets A and B of X are said to be 7,7, separated
if JA Ot ta0cl(B) DO0and tyT,a6cl(A) D0OB OO0,

Definition 3.2 :

A bitopological space (X, 14, t,)Uis called 7,7,/ connected if it is not the union of two non empty 7,7, 01f
separated , 7,13 opensets .

A subset B (101X is 7,7,/ connected if it is T, 7,/ connected as a subspace of X.

An 1,7, disconnection of X is a pair of complement, non-empty, t, 7,/ open t,7,/f closed
subsets.

Remark 3.3 :

The only 7,7, fif open .7,/ closed subsets in 7,/ connected space X are X and [J[].
Remark 3.4 :

Every t,7,/if connected space is T, connected, but the converse is not true.

Proof :

Suppose that X is not 7; connected, then there exist an [Jtwo non-empty A , B are 7, [1open such that [JA (1B
O00and A OB COOX . we have A, B are T, 7,48 open sets, A [1[JB [J[JX and

A 0B 000, hence X is not T, 7,18 connected which is a contradiction. Thus, X is T, connected.
But the converse is not true as in the following example.
Example 3.5 :

Let X ({a, b, c,d}, O 000X, OO 0a}{b},{a b},{a b, c}},and O, ,0000X,000a}{c}{ac}{ab,c}is
a bitopological space . The family of all 7,7,/ open sets of X is : 7,7, ABO(X) = {@, {a}, {b}, {c}, {a, b}, {a,
c}, {a d}, {b, c}, {c, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}, X}.

Then X is [ connected space, but X is not 7,7,/ connected.

Remark 3.6 :

If every 7, open set(J[lis 7, closed [Jand every nowhere 7, [Jdense set [Jis 7, [Jclosed [Jin any
bitopological space , then every 7, connected space is 7,7,/ connected .

Proof :

Follows from remark ( 2.16) (ii) .
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Definition 3.7 :

A function f: (X, 74, 7,) 000 (X, a4, 0,) 1 0is called t, 7,48 open if for each 7, open set U of X,
f(U)ist;T,46 openin.
Definition 3.8 :

A function f: (X, 74, 7,) 000 (X, a4, 03) Uis called ;7,48 continuous if and only if the inverse image of each
T,[]open subset of Y is 7,7, 18 open subset of X.

Proposition 3.9 :

Every t, [lcontinuous function is t, 7,/ continuous.
Proof :

Follows from remark (2.16) (i) .

Definition 3.10 :

A function f: (X, 74, 7,) 000 (X, 01, 6,) I 0is called 7,7,/ irresolute if and only if the inverse image of each
T,T, 1 open subset of Y is 7,7, /15 open subset of X .

Proposition 3.11 :
Every 1,7,/ irresolute function is 7,7, continuous.
Proof :

Let A be any o, open set [Jin Y. Then we have A is an open set in T, 7,/ open in Y [ from remark ( 2.16) (i) ] .
Since f is 7,7,/ irresolute function, then f~1(A) Dis 7,7,/ open set in X . Therefore f is 7,7,/ continuous.
D

Proposition 3.12 :

Let f: (X, 7,4, 7,) 000 (X, 01, 0,)Jbe two bitopological spaces . If X is 7,7, connected and f is 7, 7,01f
continuous function from (X, 14, 7,) onto (X, a4, 0,)(], then Y is T, connected.

Proof :

Suppose that A is an 7, Jopen 7, Cclosed subset of Y, then f~1(A) Uis 7,7,/ open 7,7,/ closed in X . Hence
f~YA)DDis DOor X, but X is 7,7,/ connected . So A is JJor Y. Hence Y is 7; connected.

Proposition 3.13 :

An t,7,0p irresolute image of any 7,7,/ connected bitopological space is 7,7,/ connected.
Proof :

Follows directly from proposition ( 3.12) .

Definition 3.14 :

Let (X, 74, T,)Ube a bitopological space , two non-empty subsets A and B of X are said to

be 7,7, [Iseparated ( resp. t,7, pre separated ) if A Oz ,7,cl(B) OO O(resp. A Ot t,pcl(B) DOOMO)
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and t, 7, cl(A) OOB OO0 0(resp . T,T, pel(A) OOB OO00).

Definition 3.15:

A bitopological space (X, 4, T,)(lis called 7,7, 1] connected ( resp. t,7, pre connected ) space
if it is not the union of two non-empty 7,7, [1[] separated ( resp. 7,7, pre separated ) t,7, ][] open
(resp. T,T, pre open) sets.

Proposition 3.16 :

Every 1,7, pre connected space is 7,7, 1] connected.

Proof :

Follows from remark (2.5) (ii).

Proposition 3.17 :

If every 7,7, pre open set in a bitopological space (X, T4, ,)[Jis T,T, semi open set , then X is
T,T, pre connected space , whenever it is an 7,7, [][Jconnected space .

Proof :

Follows from theorem (2.9).

Proposition 3.18 :

Every 1,7, pre connected space is t, connected.

Proof :

Follows from remark (2.5) (i).

Remark 3.19 :

Every 1,7,/ connected space is 7,7, ][] connected.

Proof :

Follows from remark (2.17) (i).

Proposition 3.20 :

In a bitopological space (X, 14, 7,) if every 7, Jopen subset [Jof X is 7,[Jclosed [Iset , then X is t,7,/f8
connected space , whenever it is an 7,7, ][] connected space.

Proof :Follows from remark (2.17) (ii).
Remark 3.21 :

The concepts of 7,7, pre connected space and 7,7,/ connected space are independent.
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Proposition 3.22 :

If every t,[lopen set [Jin a bitopological space (X, 74, T,)is t,[Iclosed(], then X is ;7,48 connected ,
whenever it is t,7, pre connected.

Proof :

Follows from propositions (3.16) and (3.20).

Proposition 3.23 :

If every 7,7, pre open set in a bitopological space (X, 74, t,)Jis T, T, semi open set , then X is
T,T, pre connected space, whenever it is an 7,7,/ connected space.

Proof :

Follows from remark (3.19) and proposition (3.20).

Remark 3.24 :

The following diagram shows the relations among the different types of connectedness:

T,1To pre connected

I Everyv 1,7, pre opern sef is T, T, semi open

T1T2 connected T, connected

Everv rnowhere v, dense set is T4 closed

T, T2/iff connected

—+

Everv v, opern setf is T, closed

—+

REFERENCES

1. Bose, S., “Semi-open sets, semi-continuity and semi-open mappings in bitopological spaces,” Bull. Cal.
Math. Soc., 73 (1981), 237-246.

2. Al-Rubaye, H. I., Qaye, “Semi-a-separation axioms in bitopological spaces,” Al-Muthanna Journal of
Pure Sciences, 1(1) (2012), 190-206.

3. Jelic, M., “A decomposition of pairwise continuity,” J. Inst. Math. Comput. Sci. Math. Ser., 3 (1990),
25-29.

4. Kar, A., Bhattacharyya, P., “Bitopological pre-open sets, pre-continuity and pre-open mappings,” Indian
J. Math., 34 (1992), 295-309.

5. Kelly, J. C., “Bitopological spaces,” Proc. London Math. Soc., 13 (1963), 17-89.

6. Kumar Sampath, S., “On a decomposition of pairwise continuity,” Bull. Cal. Math. Soc., 89 (1997), 441
446.

7. Maheshwari, S. N., Prasad, R., “Semi-open sets and semi-continuous functions in bitopological spaces,”
Math. Notae, 26 (1977/78), 29-37.

8. J.Subashini and K.Indirani, “On {if set and continuity in Topological Spaces” (proceeding)

www.ijltemas.in Page 914



