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Abstract: The aim of this paper is to prove that the Diophantine exponent 𝐷𝑖𝑜 ( 𝑑−𝜷(𝑙𝛽)) is bounded by 
𝑙𝑜𝑔𝑀(𝛽)

𝑙𝑜𝑔𝛽
+

(𝑑 − 1)
𝑙𝑜𝑔|𝑎𝑑|+1

𝑙𝑜𝑔𝛽
, where 𝛽 is an algebraic number, and 𝑀(𝛽) is the Mahler measure of 𝛽. In addition, a new result will be founded 

about transcendental number 𝑎 when 𝐷𝑖𝑜(𝑎) is infinite. 

Kay words: β-Expansion, Diophantine Approx- imation, Transcendental, Mahler Measure, Negative Base. 

I. Introduction 

The concept of 𝛽-expansion was introduced in (1957) by Renyi [1], and since then many researchers were interested to find a 

relationship between symbolic dynamics and the property of  𝛽-expansions, where 𝛽 is an algebraic or real number greeter than 1. 
(e.g., [2, 9, 12]). 𝛽-expansions is related with the transformation 𝑇 ∶  [0, 1) → [0, 1) such that 𝑇(𝑥) ≔ 𝛽𝑥 − ⌊𝛽𝑥⌋ and any 𝑥 ∈
 [0, 1) is a sum of the following infinite series: 

𝑥𝑖 = ∑
𝑥𝑖

𝛽𝑖
∞
𝑖=1  , where 𝑥𝑖 = ⌊𝛽𝑇

𝑖−1(𝑥)⌋ for all 𝑖 =  1, 2, 3, . . .                        (∗) 

Now from the definition of T, we can conclude that ‘digits’ 𝑥𝑖 take values in the set 𝐴 = {0, 1, 2,… , ⌈𝛽⌉ −  1} for 𝑖 =  1, 2, 3,…. 

The expression of 𝑥 in the form (∗)is called the 𝛽-expansion of 𝑥. The number 𝑥 is thus represented by the infinite word 𝑑𝛽(𝑥) =

𝑥1𝑥2𝑥3… ∈ 𝑨
ℕ ((resp. 𝑨ℤ) over the alphabet 𝐴 = {0, 1, 2,… , ⌈𝛽⌉ −  1}, knowing that: ‘word’ means sequence of elements of an 

alphabet 𝐴. 

Directly from (∗) we can derive that the ‘digits’ 𝑥𝑖 takes values in the set 𝐴. The number 𝑥 is thus represented by the infinite word 

𝑑𝛽(𝑥) = 𝑥1𝑥2𝑥3… ∈ 𝑨
ℕ over the alphabet A. From the definition of the transformation 𝑇, we can derive for another important 

property, namely that the ordering on real numbers is carried over to the ordering of 𝛽-expansions. In particular, we have for any 

𝑥, 𝑦 ∈ [0, 1) that: 

𝑥 ≤  𝑦 ⇔ 𝑑𝛽(𝑥) ≼ 𝑑𝛽(𝑦), 

when ≼ is the lexicographical order on 𝑨ℕ, (ordering on the alphabet A is usual 

0 <  1 <  2 < ⋯  < (⌈𝛽⌉ −  1). 

In [13], Parry has provided criteria for deciding whether the infinite word in 𝐴ℕ is a 𝛽-expansion of some real number 𝑥. This 

criterion was formulated by using the so-called infinite expansion of 1 and denoted by 𝑑∗𝛽(1), defined as a limit in the space 𝐴ℕ 

equipped with the product topology, by 

𝑑∗𝛽(1) = lim
𝜀→0+

𝑑𝛽(1 − 𝜀) 

Recently, Adamczewski and Bugeaud in [4] investigated the β-expansion of an algebraic number 𝒂 in an algebraic base β. Using 

tools from Diophantine approximation it is so called by the Diophantine exponent of 𝒂 and denoted by 𝐷𝑖𝑜(𝑎). later on, Ito-Sadahiro 

[11] discovered the representation of real numbers with an arbitrary negative base −β < −1, which is denoted by (−β)-expansion 

and they have proven a lot of its algebraic properties. More details will be found in the next section. 

In section (3) we will mainly focus on (−𝛽) −expansion, and prove that 𝐷𝑖𝑜 ( 𝑑−𝜷(𝑙𝛽)) is bounded by 
𝑙𝑜𝑔𝑀(𝛽)

𝑙𝑜𝑔𝛽
+ (𝑑 − 1)

𝑙𝑜𝑔|𝑎𝑑|+1

𝑙𝑜𝑔𝛽
 

such that 𝛽 is an algebraic number.  

Preliminaries 

In this section, we start by giving several basic concepts which will be used in the rest of this paper. 

Definition 2.1. ℚ[𝑋] is the set of polynomials with coefficients in ℚ and ℤ[𝑋] is the set of polynomials with coefficients in ℤ.   
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Definition 2.2. A complex number 𝛼 ∈ ℂ is algebraic if there exists a polynomial 𝑓 ∈  ℚ[𝑋]such that 𝑓(𝛼) = 0. Otherwise, 𝛼 is 

transcendental. 

Proposition 2.3. 𝛼 ∈ ℂ is algebraic if and only if there exists a polynomial 𝑓 ∈ ℤ[𝑋] with integer coefficients such that 𝑓(𝛼) = 0. 

Definition 2.4. Let 𝛼 ∈ ℂ be algebraic. The degree of 𝛼, denoted as deg(𝛼), is the minimum degree of a polynomial 𝑓 ∈ ℤ[𝑋] such 

that 𝑓(𝛼) = 0. 

Definition 2.5. [6] Let 𝑃(𝑥) =  𝑎𝑑𝑧 
𝑑  + 𝑎𝑑−1𝑧 

𝑑−1 + · · ·  + 𝑎0  =  𝑎0∏ (𝑍 − 𝛼𝑖)
𝑑
𝑖=1  be a nonconstant polynomial with (at first) 

complex coefficients. Then the Mahler measure is defined to be 𝑀(𝑃) ≔  exp (∫ log|𝑃(𝑒2𝜋𝑖𝑡)|𝑑𝑡
1

0
, the geometric means |𝑃(𝑧)| for 

𝑧 on the unit circle. However, let 𝑀(𝛼) be the Mahler measure of the minimal polynomial 𝑃α of an algebraic number 𝛼 with 𝑑 the 

degree of 𝛼, having conjugates 𝛼 =  𝛼1, 𝛼2, . . . , 𝛼𝑑. If we consider a complete set of inequivalent valuations |. |𝑣 of the field ℚ(𝛼), 
normalized so that, for 𝜈|𝑝, |. |𝑣 = |. |𝑝 on ℚ𝑝. Here ℚ𝑝 is the field of 𝑝 − 𝑎𝑑𝑖𝑐 numbers, with the usual valuation  |. |𝑝. Then the 

Mahler measure in the form 𝑀(𝛼) is 

𝑀(𝛼) =∏max(1, |𝛼|𝑣
𝑑𝑣

𝑎𝑙𝑙 𝑣

. 

The Diophantine approximation is the method of finding successively better rational approximations to irrational numbers, because 

ℚ is a dens set in ℝ so any irrational number can be approximated arbitrarily and very close by rational numbers, i.e. Diophantine 

approximation is defined as the study of how well or quickly such approximations can be made. Let 𝑣 >  0 and 𝑛 ∈ ℕ, say that 

𝑎 = (𝑎1, 𝑎2, … , 𝑎𝑛) ∈ ℝ
𝑛 is 𝑣-approximable if there are infinitely many 𝑞 = (𝑞1, 𝑞2, … , 𝑦𝑞𝑛) ∈ ℤ

𝑛 such that: 

|𝑦1𝑞1 + 𝑦𝑛𝑞𝑛  +  𝑝| <  ‖𝑞‖
−𝑣                 

for some 𝑝 ∈ ℤ. the Diophantine exponent 𝐷𝑖𝑜(𝑎) of 𝑎 is 

𝐷𝑖𝑜(𝑎) = sup {𝑣 | 𝑦 𝑖𝑠 𝑣 − 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑏𝑙𝑒} . 

Theorem2.6. [4] Let 𝛽 > 1  and 𝑥 ∈ [0,1] be algebraic numbers such that 𝑑𝛽(𝑥) = 0. 𝑎1𝑎2 ∙∙∙  

Then, either the sequence 𝒂 = (𝑎𝑖)𝑖≥1 is eventually periodic, or 𝐷𝑖𝑜(𝒂) ≤
log(𝑀(𝛽))

𝑙𝑜𝑔𝛽
 , where 𝑀(𝛽) is the Mahler measure of 𝛽. 

(- 𝜷) –negative expansion base 

Definition 3.1. [11] Let 𝛽 >  1 be a real number. A (−𝛽)-representation of a real number 𝑥 is an expression of the form,  

𝑥 =  𝑥−𝑘(−𝛽)
𝑘 + 𝑥−𝑘+1(−𝛽)

𝑘−1 +⋯+ 𝑥0 +
𝑥1

−𝛽
+

𝑥2

(−𝛽)2
+⋯, 

where 𝑘 ≥ 0 is a certain integer and 𝑥𝑖 > 0 for 𝑖 ≥ −𝑘. It is denoted by 

𝑥 = (𝑥−𝑘𝑥−𝑘+1𝑥0𝑥1𝑥2… )−𝛽 

We denote by 𝐼𝛽 the half-open interval[𝑙𝛽 , 𝑟𝛽) = [
−𝛽

𝛽+1
,
1

𝛽+1
). The (−𝛽)-transformation 𝑇𝛽 on 𝐼𝛽 is defined by 𝑇−𝛽(𝑥) ≔ −𝛽𝑥 −

⌊−𝛽𝑥−𝑙𝛽⌋ = {−𝛽𝑥 − 𝑙𝛽} + 𝑙𝛽, where ⌊𝑥⌋ denotes the largest integer not exceeding a real number 𝑥 and {𝑥} = 𝑥 − ⌊𝑥⌋.  

Then, for each 𝑥 ∈ 𝐼𝛽 = [𝑙𝛽 , 𝑟𝛽) we have a particular (-𝛽)-representation 

𝑥 = (. 𝑥1𝑥2… )−𝛽, 

𝑥𝑖 = [−𝛽𝑇−𝛽
𝑖−1(𝑥) − 𝑙𝛽] 𝑓𝑜𝑟 𝑖 ≥ 1. We call this representation the (-𝛽)-expansion of 𝑥 

Remark: The representation of the (-𝛽)-expansion of 𝑥 can be written as an infinite word  𝑑−𝜷(𝒙) = 𝑥1𝑥2𝑥3. One can easily prove 

that the digits 𝑥𝑖 , 𝑖 ≥ 1, take the values in the set 𝐴 = {0,1,2,… , [𝛽]}. 

Mean results 

As we mentioned, our concentration is to prove that the Diophantine exponent 𝐷𝑖𝑜 ( 𝑑−𝛽(𝑙𝛽)) is bounded by 
𝑙𝑜𝑔𝑀(𝛽)

𝑙𝑜𝑔𝛽
+

(𝑑 − 1)
𝑙𝑜𝑔|𝑎𝑑|+1

𝑙𝑜𝑔𝛽
 , where 𝛽 is an algebraic number, and 𝑀(𝛽) is the Mahler measure of 𝛽. But before that, we need to prove the 

following lemmas, and finally the mean result will be in Theorem 4.3. 

Lemma 4.1. (Classical theorem on symmetric polynomials) 

Let 𝑄 ∈ ℤ[𝑋] and 𝑃(𝑦1 , 𝑦2,… 𝑦𝑛) = 𝑄(𝑦1), 𝑄(𝑦2),…𝑄(𝑦𝑛). Then there exists a polynomial 𝑇 of 𝑛 variables with coefficients in 

ℤ, such as  
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 𝑃(𝑦1 , 𝑦2,…𝑦𝑛) = 𝑇( 𝜎1, 𝜎2,… , 𝜎𝑛)      𝑤ℎ𝑟𝑒𝑟:

{
 
 
 

 
 
 

𝜎1 = ∑ 𝑦𝑖
𝑛
𝑖=1

 𝜎2 = ∑ 𝑦𝑖𝑦𝑗1≤𝑖<𝑗≤𝑛

 𝜎2 = ∑ 𝑦𝑖𝑦𝑗𝑦𝑘1≤𝑖<𝑗<𝑘≤𝑛

.

.

.
𝜎𝑛 = 𝑦1 , 𝑦2, …𝑦𝑛

 

Moreover, we note that the total degree of 𝑇 is less than or equal to the degree of Q (as a polynomial in y).  

Lemma 4.2. Let 𝛽  be an algebraic number with minimal polynomial  

𝑃𝛽(𝑥) = 𝑎𝑑𝑥
𝑑 + 𝑎𝑑−1𝑥

𝑑−1 +⋯+ 𝑎1𝑥 + 𝑎0 where 𝑎𝑖 ∈ ℤ 𝑓𝑜𝑟 𝑎𝑙𝑙 0 ≤ 𝑖 ≤ 𝑑. 

Let 𝑄(𝑥) = 𝑏𝑛𝑥
𝑛 + 𝑏𝑛−1𝑥

𝑛−1 +⋯+ 𝑏0 where 𝑏𝑖 ∈ ℤ 𝑓𝑜𝑟 𝑎𝑙𝑙 0 ≤ 𝑖 ≤ 𝑛, such that 𝑄(𝛽) ≠ 0. Then, we have  

|𝑄(𝛽)| ≥
𝛽𝑛

(𝐻(𝑄))
𝑑−1

(𝑛 + 1)𝑑−1(𝑀(𝛽))
𝑛
|𝑎𝑑|

𝑛(𝑑−1)+𝑑
, 

Where 𝐻(𝑄) is the height defined by 𝐻(𝑄) = max
0≤𝑖≤𝑛

|𝑏𝑖|. 

Proof: Let 𝛽0 = 𝛽,… , 𝛽𝑑−1 be the conjugates of 𝛽 and 𝑃𝛽(𝑥) = 𝑎𝑑𝑥
𝑑 + 𝑎𝑑−1𝑥

𝑑−1 +⋯+ 𝑎0 where 𝑎𝑖 ∈ ℤ 𝑓𝑜𝑟 𝑎𝑙𝑙 0 ≤ 𝑖 ≤ 𝑑. The 

minimal polynomial of 𝛽 , then is given by 

𝑎𝑑𝛽
𝑑 = ∑ −𝑎𝑖𝛽

𝑖𝑑−1
𝑖=0  , therefore, for all 𝐾 ∈ ℕ∗; 

𝑎𝑑
𝑘𝛽𝑑+𝑘−1 =∑𝛼𝑘,𝑖𝛽

𝑖 ,

𝑑−1

𝑖=0

 𝛼𝑘,𝑖 ∈ ℤ. 

This gives that for all 𝑠′ ≥ 𝑠: 

𝑎𝑑
𝑠′𝛽𝑠 =∑𝑐𝑘,𝑖𝛽

𝑖 ,

𝑑−1

𝑖=0

 𝑐𝑘,𝑖 ∈ ℤ. 

So, 𝑎𝑑
𝑛𝑄(𝛽) = ∑ 𝜃𝑘,𝑖𝛽

𝑖 ,𝑑−1
𝑖=0  𝜃𝑘,𝑖 ∈ ℤ. 

Therefore: 

𝑎𝑑
𝑛𝑄(𝛽𝑗) = ∑𝑒𝑘,𝑖𝛽𝑗

𝑖 ,

𝑑−1

𝑖=0

 𝑒𝑘,𝑖 ∈ ℤ  ∀ 0 ≤ 𝑗 ≤ 𝑑 − 1. 

Hence, we obtain 𝑎𝑑
𝑛𝑑∏ 𝑄(𝛽𝑗)

𝑑−1
𝑗=0 = ∏ (𝑑−1

𝑗=0 ∑ 𝑒𝑘,𝑖𝛽𝑗
𝑖).𝑑−1

𝑖=0  By lemma 4.1, there exists the polynomial 𝑇 of d variables with 

coefficients in ℤ such that 

∏(

𝑑−1

𝑗=0

∑𝑒𝑘,𝑖𝛽𝑗
𝑖) = 𝑇( 𝜎1, 𝜎2, … , 𝜎𝑑),

𝑑−1

𝑖=0

 

Where 

𝜎𝑗 = ∑ 𝛽𝑘1𝛽𝑘2 , … , 𝛽𝑘𝑗  ,
0≤𝑘1<𝑘2<⋯<𝑘𝑗

1 ≤ 𝑗 ≤ 𝑑, 

And the total degree of  𝑇 is lower than or equal to 𝑑. which gives that  

𝑎𝑑
𝑑𝑎𝑑

𝑛𝑑∏ 𝑄(𝛽𝑗) ∈ ℤ
∗ .𝑑−1

𝑗=0  Consequently, |∏ 𝑄(𝛽𝑗) 
𝑑−1
𝑗=0 | ≥

1

|𝑎𝑑|
𝑛𝑑+𝑑. 

|𝑄(𝛽𝑗)| < 𝐻(𝑄)(𝑛 + 1) sup( |𝛽𝑗|
𝑛
, 1), so 

 ∏ 𝑄(𝛽𝑗) 
𝑑−1
𝑗=1 ≤ 𝐻(𝑄)𝑑−1 ∏ (𝑛 + 1) 𝑑−1

𝑗=1 sup( |𝛽𝑗|
𝑛
, 1), 

≤
(𝑛 + 1)𝑑−1𝐻(𝑄)𝑑−1 (𝑀(𝛽))

𝑛

|𝑎𝑑|
𝑛𝛽𝑛

. 
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Hence, we obtain  

|𝑄(𝛽)| ≥
1

|∏ 𝑄(𝛽𝑗) 
𝑑−1
𝑗=1 ||𝑎𝑑|

𝑛𝑑+𝑑
≥

𝛽𝑛

(𝐻(𝑄))
𝑑−1 

(𝑛 + 1)𝑑−1(𝑀(𝛽))
𝑛
|𝑎𝑑|

𝑛(𝑑−1)+𝑑
. 

∎ 

Theorem 4.3. Let 𝛽 > 1 be an algebraic number of algebraic degree𝑑 ≥ 2 and 𝑃(𝑥) = 𝑎𝑑𝑥
𝑑 + 𝑎𝑑−1𝑥

𝑑−1 +⋯+ 𝑎1𝑥 + 𝑎0 its 

minimal polynomial, where 𝑎𝑖 ∈ ℤ 𝑓𝑜𝑟 𝑎𝑙𝑙 0 ≤ 𝑖 ≤ 𝑑. If   𝑑−𝜷(𝑙𝛽) = 𝑎 = (∈𝑖)𝑖≥1 is not eventually a periodic sequence, then  

𝐷𝑖𝑜(𝑎) ≤
𝑙𝑜𝑔𝑀(𝛽)

𝑙𝑜𝑔𝛽
+ (𝑑 − 1)

𝑙𝑜𝑔|𝑎𝑑| + 1

𝑙𝑜𝑔𝛽
. 

Proof: Assuming that 𝑈𝑛𝑉𝑛
𝑤𝑛   is a prefix of 𝑎 such that |𝑈𝑛| = 𝑘𝑛 , |𝑉𝑛| = 𝑡𝑛  and |𝑉𝑛

𝑤𝑛| = 𝑡𝑛 𝑤𝑛, for all 𝑛 ≥ 1. If 𝑉𝑛 =

𝜖𝑘𝑛+1𝜖𝑘𝑛+2…𝜖𝑘𝑛+𝑡𝑛 , then by the periodicity we define the sequence (𝑥𝑘𝑛+𝑗)𝑗≥1
 as following 𝑥𝑘𝑛+𝑙𝑡𝑛+𝑖 = 𝜖𝑘𝑛+𝑖  for all 1 ≤ 𝑖 ≤

𝑡𝑛 , 𝑎nd 𝑙 ≥ 0. 

Let  

𝜆𝑘𝑛 =∑𝑥𝑘𝑛+𝑖(−𝛽)
−𝑖 =

+∞

𝑖=1

 ∑𝜖𝑘𝑛+𝑖(−𝛽)
−𝑖 + (−𝛽)−𝑡𝑛𝜆𝑘𝑛 ,

𝑡𝑛

𝑖=1

  

                                          =
𝜖𝑘𝑛+1 (−𝛽)

𝑡𝑛−1 +⋯+ 𝜖𝑘𝑛+𝑡𝑛,
(−𝛽)𝑡𝑛 − 1

. 

As 𝑑−𝛽(𝑙𝛽) = (𝜖𝑖)𝑖≥1,we have 

−𝛽

𝛽 + 1
=

𝜖1
(−𝛽)

+⋯+
𝜖𝑘𝑛

(−𝛽)𝑘𝑛
+

𝜖𝑘𝑛+1
(−𝛽)𝑘𝑛+1

+⋯+
𝜖𝑘𝑛+𝑡𝑛,

(−𝛽)𝑘𝑛+𝑡𝑛
+⋯ 

Where 

𝜃𝑘𝑛 = (−𝛽)
𝑘𝑛+1 − (𝛽 + 1)[ 𝜖1(−𝛽)

𝑘𝑛−1 +⋯+ 𝜖𝑘𝑛] 

= (𝛽 + 1) [
𝜖𝑘𝑛+1
(−𝛽)

+ ⋯+
𝜖𝑘𝑛+𝑡𝑛,
(−𝛽)𝑡𝑛

+⋯]. 

Let  

𝑄𝑘𝑛(𝑥) = ((−𝑥)
𝑡𝑛 − 1)[(−𝑥)𝑘𝑛+1 − (𝑥 + 1)(𝜖1(−𝑥)

𝑘𝑛−1 +⋯+ 𝜖𝑘𝑛) − (𝑥 + 1)( 𝜖𝑘𝑛+1(−𝑥)
𝑡𝑛−1 +⋯+ 𝜖𝑘𝑛+𝑡𝑛)] 

A polynomial with integer coefficients of degree 𝑘𝑛 + 𝑡𝑛 + 1,Then we have 

𝑄𝑘𝑛(𝛽) = ((−𝛽)
𝑡𝑛 − 1)(𝜃𝑘𝑛 − (𝛽 + 1)𝜆𝑘𝑛). 

Furthermore, 𝑄𝑘𝑛(𝛽) ≠ 0 and 𝑑−𝛽(𝑙𝛽) are not eventually a periodic sequence. By using lemm4.2, we get 

𝑄𝑘𝑛(𝛽) ≥
𝛽𝑘𝑛+𝑡𝑛+1

[𝛽]𝑑−1(𝑡𝑛 + 𝑘𝑛 + 2)
𝑑−1(𝑀(𝛽))

𝑘𝑛+𝑡𝑛+1|𝑎𝑑|
𝑘𝑛+𝑡𝑛+1(𝑑−1)+𝑑

 (𝟒. 𝟏) 

On the other hand, we have: 

|(𝜃𝑘𝑛 − (𝛽 + 1)𝜆𝑘𝑛)| = |(𝛽 + 1) [∑
𝜖𝑘𝑛+𝑖
(−𝛽)𝑖

+

+∞

𝑖=1

∑𝑥𝑘𝑛+𝑖(−𝛽)
𝑖

+∞

𝑖=1

]|, 

≤ (𝛽 + 1) ∑
|𝜖𝑘𝑛+𝑖 − 𝑥𝑘𝑛+𝑖|

𝛽𝑖

+∞

𝑖=𝑡𝑛𝑤𝑛+1

, 

≤ (𝛽 + 1)
[𝛽]

𝛽 𝑡𝑛𝑤𝑛+1 (1 −
1
𝛽
)
 

≤
(𝛽 + 1)

1 −
1
𝛽
𝛽 −𝑡𝑛𝑤𝑛

. 
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Therefore 

|𝑄𝑘𝑛(𝛽)| ≤
(𝛽 + 1)

1 −
1
𝛽

𝛽 𝑡𝑛−𝑡𝑛𝑤𝑛 .           (𝟒. 𝟐) 

Using equations (4.1) and (4.2), we get: 

𝛽 𝑘𝑛+𝑡𝑛𝑤𝑛+1(1 −
1

𝛽
) ≤ (𝛽 + 1)[𝛽]𝑑−1(𝑀(𝛽))

𝑡𝑛+𝑘𝑛+1|𝑎𝑑|
𝑡𝑛+𝑘𝑛+1(𝑑−1)+𝑑(𝑡𝑛 + 𝑘𝑛 + 2)

𝑑−1(𝑘𝑛 + 𝑡𝑛𝑤𝑛 + 1)𝑙𝑜𝑔𝛽 + 𝑙𝑜𝑔 (1−

1

𝛽
) ≤ log(𝛽 + 1) + (𝑑 − 1) log[𝛽] + (𝑡𝑛 + 𝑘𝑛 + 1)log (𝑀(𝛽)) + [(𝑡𝑛 + 𝑘𝑛 + 1)(𝑑 − 1) + 𝑑]log  |𝑎𝑑| + (𝑑 − 1)log (𝑡𝑛 + 𝑘𝑛 +

2) 

If we divided by [(𝑘𝑛 + 𝑡𝑛 + 1) log 𝛽], yields 

(𝑘𝑛 + 𝑡𝑛𝑤𝑛 + 1)

(𝑘𝑛 + 𝑡𝑛 + 1)
 

≤
1

(𝑘𝑛 + 𝑡𝑛 + 1)
[
log(𝛽 + 1) + (𝑑 − 1) log[𝛽] + 𝑑 log|𝑎𝑑| − 𝑙𝑜𝑔 (1 −

1
𝛽
)

𝑙𝑜𝑔𝛽
] +

log(𝑀(𝛽))

𝑙𝑜𝑔𝛽
+
(𝑑 − 1) log|𝑎𝑑|

𝑙𝑜𝑔𝛽
+
(𝑑 − 1)

𝑙𝑜𝑔𝛽
. 

Since 𝑡𝑛𝑤𝑛 = |𝑉𝑛
𝑤𝑛| → +∞ when 𝑛 → +∞,  then we have  𝑘𝑛 + 𝑡𝑛 = |𝑈𝑛𝑉𝑛| → +∞ when 𝑛 → +∞, because in the otherwise the 

left-hand side 
(𝑘𝑛+𝑡𝑛𝑤𝑛+1)

(𝑘𝑛+𝑡𝑛+1)
 is unbounded, whereas in the right-hand side is bounded by a positive constant. We conclude that 

𝐷𝑖𝑜(𝑎) = lim
𝑛→+∞

𝑠𝑢𝑝
|𝑈𝑛𝑉𝑛

𝑤𝑛|

|𝑈𝑛𝑉𝑛|
 

                = lim
𝑛→+∞

𝑠𝑢𝑝
𝑘𝑛 + 𝑡𝑛𝑤𝑛
𝑘𝑛 + 𝑡𝑛

 

≤
log(𝑀(𝛽))

𝑙𝑜𝑔𝛽
+
(𝑑 − 1) log|𝑎𝑑| + 1)

𝑙𝑜𝑔𝛽
. 

∎ 

The last theorem gives a family of transcendental numbers by using the following result.  

 Result: let 𝛽 > 1 and  𝑑−𝜷(𝑙𝛽) = 𝑎 = (∈𝑖)𝑖≥1 if 𝐷𝑖𝑜(𝑎) = +∞ , then 𝛼 is a transcendental number. 

Corollary 4.4. 

Let 𝛽 > 1 be a real number such that the (- 𝛽) –expansion of 𝑙𝛽  is the form  𝑑−𝜷(𝑙𝛽) = 0. 𝑡1𝑡2𝑡3…, with 𝑡𝑖 ∈ 𝐴𝛽 =

{0,1,2,… , [𝛽]}.   

Assume that  𝑑−𝜷(𝑙𝛽) is an infinite sequence satisfying the following property: there exist two sequences (𝑚𝑛)𝑛≥1 and (𝑠𝑛)𝑛≥1 

such that  

1 = 𝑠0 ≤ 𝑚1 < 𝑠1 ≤ 𝑚2 < 𝑠2 ≤ ⋯ ≤ 𝑚𝑛 < 𝑠𝑛 ≤ 𝑚𝑛+1 < 𝑠𝑛+1 ≤ ⋯ 

With (𝑠𝑛 − 𝑚𝑛) ≥ 2 , 𝑎𝑖 = 𝑝 𝑖𝑓 𝑚𝑛 < 𝑖 < 𝑠𝑛  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ≥ 1. Then,  

𝑙𝑖𝑚
𝑛→+∞

𝑠𝑢𝑝
𝑠𝑛
𝑚𝑛

≤
log(𝑀(𝛽))

𝑙𝑜𝑔𝛽
+
(𝑑 − 1) log|𝑎𝑑| + 1)

𝑙𝑜𝑔𝛽
− 1. 

Proof: Let 𝑈𝑛 be the prefix of 𝑎 of length 𝑚𝑛 and let 𝑉𝑛 = P. by assumption, 𝑈𝑛𝑉𝑛
𝑠𝑛 is 𝑎 prefix of 𝑎 and 

|𝑈𝑛𝑉𝑛
𝑠𝑛|

|𝑈𝑛𝑉𝑛|
=

𝑚𝑛+𝑠𝑛

𝑚𝑛+1
. It 

follows that  

𝐷𝑖𝑜(𝑎) = lim
𝑛→+∞

𝑠𝑢𝑝
|𝑈𝑛𝑉𝑛

𝑠𝑛|

|𝑈𝑛𝑉𝑛|
= 1 + 𝑙𝑖𝑚

𝑛→+∞
𝑠𝑢𝑝

𝑠𝑛
𝑚𝑛

, 

From Theorem 3.1, we have  

𝑙𝑖𝑚
𝑛→+∞

𝑠𝑢𝑝 (
𝑠𝑛
𝑚𝑛

) ≤
𝑙𝑜𝑔(𝑀(𝛽))

𝑙𝑜𝑔𝛽
+
(𝑑 − 1) 𝑙𝑜𝑔|𝑎𝑑| + 1)

𝑙𝑜𝑔𝛽
− 1. 
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